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We consider the theory of self-dual three-dimensionally extended objects immersed in eight dimensions and find a large class

of classical solutions.

1. (d; D)-brane dynamics

The action of a (d; D)-brane is given by the
Einstein-Nambu-Goto volume integral

Sstd%:imj\/gddc, (1.1)

where the induced metric g, of the immersed mani-
fold .#%is

8X*(5) 3X¥(5)
[l ol
EXM’aXﬂ,b, (12)

with 4,»=0, 1,2, .., D—land @, b=0,1,2, ..,d—1
(unless D or d is odd, in which case we count from 1
to D or 1 to d respectively). The fundamental con-
stant of the theory, M, has the dimension of an ex-
tended-mass density [ML'~?]. The speed of light is
defined to be unity. G,, is the metric on .#” where
MA— M7,

Variation of this action gives the extended geo-
desic equation

g (. X* p—Top X* T X" X ) =0. (1.3)

gab(é)E Guu(X)

The (d; D)-brane is taken to be closed so that no
boundary conditions need to be considered. The
background space is taken to be euclidean so that
G,,=Diag(1,1, .., 1), and thus .#?~—RP. Introduc-
ing the conjugate momentum

SL

Pét=
0X,,

=M./gg*X*,, (1.4)

the Euler-Lagrange equation of motion (1.3) re-
duces to

9, P?*=0. (1.5)
The appropriate identities can be written
P X" =M [g %=L, (1.6)

which corresponds to the vanishing of the hamilto-
nian, and

Pe, Por=M=gg (1.7)

which is the extended object generalization of p?=m?
for relativistic particles.

2. Self-dual (4; 8)-brane dynamics

Biran, Floratos and Savvidy [1] wrote down an
expression for the conjugate momentum of a self-
(doubly)-dual (3; 3)-brane. Grabowski and Tze [2]
have written down an analogous expression for a self-
(doubly)-dual (4; 8)-brane:

P, =M % T oo XY b XP X% 4, (2.1)

where a, b, ...=0, 1,2, 3and u, v, ...=0, 1, ..., 7. The
four-dimensional permutation symbol is fixed by
setting

01321 (2.2)

The completely antisymmetric tensor, T ,,,,, was dis-
cussed by Corrigan, Devchand, Fairlie and Nuyts in
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ref. [3]. The self-dual version (i.e. formally T=x+T,
* symbolizing the eight-dimensional Hodge dual) can
be defined in terms of the structure constants of oc-
tonion multiplication, Cyi (i, j, k=1, 2, ..., 7), and
H,,, the seven-dimensional dual of Cy, (i.e. H=+C);

1
Tyy=Hyy= 3 Gkt " C o »

TOijk = szOk = Cijk s
Top=Tuo= _Cijk . (2.3)

T ,ps1s invariant under SO(8) transformations and
supplies a measure of the lack of associativity of three
octonions via the associator

% [iu’ iv’ lp] = % [ (l,ulv)lp '—i,u(ivip)]
=T %y . (2.4)

Cj is invariant under G, transformations and sup-
plies a measure of the lack of commutativity of two
octonions via the commutator (the scalar part of
which vanishes on the right hand side)

g, 1= 3 (1,1, —1,1,) =Cj; ki, (2.5)

where i,= (i, i,) are, respectively, the scalar identity
element and the seven imaginary units of the octo-
nions. (f, is invariant under SO(7) transforma-
tions. )

The self-duality equation is

par—Pan | (2.6)

which relates the conjugate momentum P of (1.4)
with the world-four-volume tensor density P of
(2.1). Thus (2.6) can be rewritten as

1
X* = 378‘, bed Tkt o X 5 XP X 4, (2.7)

in which €% is the four-dimensional permutation
tensor defined from (2.2) by

gabed = L pabed (2.8)

N/
Although an attempt has been made to properly dis-
tinguish between covariant and contravariant tensor
indices in .#7, one should note that this discussion
takes .#”~RP and that therefore \/5= 1, so the ten-
sorial nature of 7,,,,, is greatly simplified.
Contracting (2.7) with X, * gives
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VE =Tuppe X* o X¥ | XP 1 X7 5, (2.9)

which is the condition necessary for (2.1) to satisfy
constraint (1.6).

3. A class of solutions

The presence of the octonion associator alerts one
to the existence of an octonionic algebraic structure
on R%. Considering then .#9<— 0, we consider X to
be an octonionic function mapping C? into the field
O:

X:CXCo0, &% XH(E).

Consider X to be formed from four complex ana-
lytic functions P, Q, R and S, in a way consistent with
XeO. Let the first two be functions of the complex
variable (£°+¢&'i) and let the second two be func-
tions of the complex variable (£2+&31). Also identify
1 with i, the first imaginary octonion unit. Then write
(using p,=Re P, p,=Im P, etc.)
X(&)=P(&+¢'))ip+ Q&0+ &) )iz

+R(E+&%,)ia +S(E+E%))ie

=p, (£° ENip +p2 (0 &N,

+q, SN+ )2 +¢2(&% €Ny,

+r (&2, E3)ia+ (8% )iy

+51 (&2, &g +52(&2, &)y (3.1)
We now choose a basis in which i,i,=1;, 1,i,=15 and
i,ig=1,. That is, we choose a particular set of the
completely anti-symmetric structure constants, Cy,
which are defined by
llij=_5u10+cljkik' (3.2)

Of the 240 admissible “clockwise” bases and the 240
admissible “anti-clockwise” bases only two clock-
wise and two anti-clockwise contain all three triples
123, 145 and 167. They are

123 123
263 246
347 365
451 and 4371 ,
572 514
635 671
716 752
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which we term “clockwise”;

123 123
265 247
357 375
436 and |451],
514 562
671 634
742 716
which we term “anti-clockwise”. For the following

discussion we pick

as the basis of octonion multiplication. The octo-
nionic function of the four lump parameters &%, X(¢),
can then be written

X(&)=p (& &Ny +p,(&° ENiy

rrQ 1

+q1(&°% &M+ ¢ (E5, &€y
+r1(§2, 53)i4 +r2(€2, 63)i5
+5, (&%, E)ig +5, (&% )iy (3.3)

or in component form,

X*=(p

P 2%
risrr

a.
254

a,, ., r
i» ™z

2571272

$i,82). (3.4)
The requirement that the complex functions P, Q, R
and S be analytic is expressed by four pairs of
Cauchy-Riemann equations, which can be regarded
as integrability conditions for these self-dual lumps.
That immersions of the form (3.4) satisfy the
equation of motion (1.5), the constraint equations
(1.6), (1.7) and the self-duality equation (2.6) can
be demonstrated by a calculation (which was per-
formed by analytic computation ). First calculate X* ,,
incorporating the Cauchy-Riemann conditions. Then

r‘alr‘nlaﬂ-\ o . and hence obtain

iLniais Sgp QLG DOLVC DRI
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(2 \2+/a.r2\2+/ ui\2+/aS2\ 35

\ae) *\aes) Hag) *lae) |- G
Use gap to find P?# by (1.4). Differentiaic P## io ver-
ify (1.5). Also verify (1.6) and (1.7).

It remains to prove (2.6). Given the definition of

T,u501n (2.3) and the choice of basis

1717
Lad

246
365
437,
514
671

752

one can calculate P* from the definition (2.1), and

hence demonstrate that (2.7) is true for any X* of

the form (3.4). In passing, eq. (2.9) can be verified.

That this is a non-trivial relationship can be seen from

the implication that g= Det g,;, must of necessity be

a perfect square This requirement places tight con-
1 n Nawed forme af Y4 and (7

auowea Iorms or X ,a QL Ty,

4. Conclusion

We have analysed the theory of self-dual (4; 8)-
branes and found a large class of classical solutions
based on four independent arbitrary analytic func-
tions of complexified lump coordinates.

UIlC pOSSlDlC avenue UI I'CSf:ElrLIl lb io LHOOSC par-
ticular sets of analytic functions, like those chosen in
ref. {4], in order to obtain topological quantum
numbers to be identified with those ascribed to the
known fundamental particles. Major issues which
have to be addressed include the move from euclid-
ean to Minkowski signature and the description of
fermions by taking the Dirac square root of (1.7) or
by generalizing to super p-branes [5].

Since the self-dual sector admits such a large class
of solutions, it might prove worthwhile to rewrite the
theory in a way which more intimately incorporates
the self-duality restriction. Incorporating (2.9) into
(1.1) gives
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S=M J T upo X* o XV | XP 1 X% 3 d%E

m

.'.S=I

Type dX* dX” dXP d X7, (4.1)
in which X is an octonionic function of four vari-
ables. An action of this form has the great advantage
of freeing the theory from an undesirable square root.
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