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We 5h0w tha1 (p, 4) t0ru5 kn0t5 5at15~ the 5e1f-dua1 e4uat10n5 0f r191d 5tr1n9 m5tant0n5 and we ca1cu1ate the 5e1f-1nter5ect10n 
num6er 0fthe f1r5t few kn0t5.7he re5u1t5 are c0n515tent w1th an 1nterpretat10n 1n term5 0fthe f1r5t Chern num6er. 

1.1ntr0duct10n 

1t ha5 6een ar9ued 6y Am6j0rn  and Durhuu5 [ 1 ] 
that  ••re9u1ar12ed 6050n1c 5tr1n95 need extr1n51c cur- 
vature••. 7h15 paper  c0n51der5 50me 0f the c0n5e- 
4uence5 dem0n5trated 6y P01yak0v [2,3 ] 0f  add1n9 
an extr1n51c curvature  te rm t0 the 5tr1n9 the0ry ac- 
t10n. 1n part1cu1ar we 1nve5t19ate the 1n5tant0n5 a5- 
50c1ated w1th th15 new f1ne 5tructure 0f  5tr1n951n f0ur- 
d1men510na1 euc11dean 5pace. 7he  5e1f-dua1 e4ua- 
t10n5 are reduced t0 a 51mp1e f0rm and t0ru5 kn0t5 
are 5h0wn t0 1ead t0 an 1ntere5t1n9 c1a55 0f  501ut10n5. 

P01yak0v 91ve5 a f0rmu1a f0r ca1cu1at1n9 the num- 
6er 0f 5e1f-1nter5ect10n5 0f the 5tr1n9 w0r1d5heet. 7h15 
f0rmu1a 15 app11ed 6y c0mputer  t0 c105ed kn0t ted  
5tr1n95 and a very 51mp1e e4uat10n re1at1n9 the num- 
6er 0f  5e1f-1nter5ect10n5 v t0 the tw0 w1nd1n9 num- 
6er5 0f a t0ru5 kn0t 15 c0njectured.  F0110w1n9 Ma2ur 
and Na1r [4 ], wh0 c0n51der r191d 5tr1n91n5tant0n5 a5 
a p055161e 5tr1n9 the0ret1c way 0f  rea1151n9 the effect5 
0 f Q C D  0 vacua, we 5h0w why the 1n51ant0n num6er  
5h0u1d 6e taken t0 6e ~ v. 

F1r5t we 5h0w h0w t0 der1ve the re1evant curvature  
re1at10n5.7hen we 1ntr0duce the r191d 5tr1n9 and r191d 
part1c1e act10n5. 1n 5ect10n 4 we 5h0w h0w t0 06ta1n 
and 501ve 5e1f-dua1 part1c1e and 5tr1n9 e4uat10n5. 1n 
the f1na1 5ect10n we def1ne (p, 4) t0ru5 kn0t5 and de- 
r1ve the emp1r1ca1 f0rmu1a f0r the 1n5tant0n num6er  

Q = 4 - p .  

2. Extr1n51c 9e0metry 

7he reparametr15at10n 1nvar1ant d15tance 6etween 
tw0 p01nt5 P and Q 0n a 5urface ~/12 parametr15ed 6y 
curv111near c00rd1nate5 ~"= (~, a)  and em6edded  1n 
a f1at h19her d1men510na1 5pace 15 f~  d5, where 

d5-" = 4~,. dX~dX ~ 

0X  1• 0.¥" 
=r/t•" 0~" 0 ~  d ~ " d ~ - - - 9 . / , d ~ 0 d ~ .  (1.1)  

7h15 15 the f1r5t fundamenta1 4uadrat1c f0rm a550c1- 
ated w1th the 5urface and, wr1t1n9 0.~= 0/~0,~ ~, 

9,1,( X )  =- t1~,, 0,X~0~,X ~ ( 1.2 ) 

15 the 1nduced metr1c ten50r. 
C0n51der the c a 5 e ~ =  1, 2, 3; that  15 ,//2 R3.7here  

15 a 5ec0nd fundamenta1 4uadrat1c f0rm c0nnected 
w1th 5uch an em6edd1n9. 1t re1ate5 t0 the vert1ca1 dr0p 
a550c1ated w1th tran51at10n5 0n the 5urface and 1t can 
6e def1ned a5 

d5 d 0 =  - ~1~,,,dX 1~ d N "  

0 X  t• ~JN ~ 
=-~/1, ,  0~" 0~ 1~ d ~ a d ~ J ~ - K " ~ d ~ d ~  (1.3)  

where N ~ ( ~ )  15 the un1t vect0r perpend1cu1ar t0 the 
tan9ent p1ane at any p01nt x~({)  0n the 5urface 50 
that the vect0r5 (0~x ~" 0~c ~, N/•) f0rm a m0v1n9 tr1ad 
6a515.1n three d1men510n5 

0~X j~ A 0~X j~ 
N.••= (1.4)  

1 0~X," A 0.X"L " 
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We def1ne 

K, , , (X ,  N) - - ~7,, 0, X~%,N ~ ( 1.5 ) 

a5 the extr1n51c curvature ten50r. D1v1d1n9 (1.3) 6y 
( 1.1 ) 91ve5 the n0rma1 curvature x =  d0/d5 wh1ch can 
6e re9arded a5 a funct10n 0 f 2 = d a / d r ,  the 510pe 0 f a  
11ne 0n the 5urface. 7he  extreme va1ue5 0 f x ( 2 )  1ead 
t0 the def1n1t10n5 0f  mean curvature ~ (xm~+2m~,,) 
and t0ta1 0r 9au551an curvature xm~xmm. N0te that the 
t0ta1 curvature 0f a cy11nder 0r a c0rru9ated 5heet 0r 
a p1ane w1th a 5tra19ht crea5e 1n 1t 15 2er0• 

Expre551n9 0,0~,X" 1n the m0v1n9 tr1ad (0~X ~, 0~X~, 
N ~) 1ead5 t0 the 6au55 e4uat10n5 wh1ch are d1ffer- 
ent1a1 e4uat10n5 re1at1n9 the c0mp0nent5 0f  9.~6 and 
K,1, (5ee e.9. ref. [5] ). 

0.1)1,X~=F~.~, 0,.XJ~+ K.1 ,N"  . ( 1.6 ) 

51nce 0~,N" f1e 1n the tan9ent p1ane t0 the 5urface, 
they can 6e wr1tten a5 11near c0m61nat10n5 0f 0~X*~ 
and 0 .X" .  7he c0eff1c1ent5 can 6e expre55ed 1n term5 
0f  the c0mp0nent5 0f  9.1, and K.1, 91v1n9 the 
We1n9arten e4uat10n5 [ 5 ] 

0, ,N " =  - K,,~,91~,,X ~ . ( 1.7 ) 

App1y1n9 the 1dent1ty 0.(~)1,~,.X~) ----~1,(0.0,X 5~) t0 the 
6au55 e4uat10n5 ( 1.6 ) and u51n9 the We1n9arten re- 
1at10n5 (1.7) 1ead5 t0 the C0da221-Ma1nard1 e4ua- 
t10n5 [ 5 ] 

0.Kt,,. -- F~11,.K,1, = 0,.1£1,,, -- F~1,,,Kd. , ( 1.8 ) 

where F%,. are the u5ua1 Chr15t0ffe1 5ym6015 

/•"1,,(9) = •9"J( f),9d/, + ~1,9,/, - 0d91,, ) . ( 1.9 ) 

U51n9 the e4uat10n5 0f  6au55 (1.6) and We1n9arten 
(1.7) 1n the u5ua1 expre5510n f0r the 1ntr1n51c curva- 
ture 5ca1ar a550c1ated w1th the 5urface 

R = 9~R~.,.1, 

=9.1,(  0, F• ./, - 0/,F• ,.. + F~.1,-F~ ,,,-1"••.,1"• .1,) 

(1.10) 

91ve5 

R ( 9 )  = (K" , )  2 -  (K"~ ,K/~ , ) ,  (1.1 1 ) 

wh1ch re1ate5 1ntr1n51c t0 extr1n51c curvature. 
A11 the5e e4uat10n5 can 6e 9enera115ed t0 the ca5e 

0fa  5urface em6edded 1n f0ur-d1men510na1 euc11dean 
5pace, ,/[2 ~4. Here the 5pace c0mp1ementary t0 the 

5urface 15 tw0 d1men510na1 50 we mu5t 1ntr0duce tw0 
n0rma15 at each p01nt N ~ ( ~ ) ;  A =  1, 2;/2= 1, 2, 3, 4. 
7hey  are ch05en t0 6e 0rth090na1 t0 the tan9ent 5pace 
vect0r5 

N 1 1 ~ 0 . X " = 0  (1.2) 

and mutua11y 0rth0n0rma1 

Nm~Nm~=(~ u~ . ( 1 . 1 3 )  

7here are then tw0 extr1n51c curvature ten50r5 K~J,,1, 

def1ned at each p01nt 1n .#2. Expre551n9 0,0~,X 1~ 1n the 
m0v1n9 tetrad 6a515 (0¢X~, 0~X~, N ~, N 2t~ ) 91ve5 the 
9enera115ed 6au55 e4uat10n5 [2 ] 

0.01 ,X~= F• ,,1, 0,.X~" + K j .1, N 1,,, ( 1 . 14  ) 

and We1n9arten e4uat10n5 [ 6 ] 

0.N.11•= • ( N  " ~ 0 . N 8 ~ ) N m ~ - K J 1 , 9 ~ c 0 , X , ~  " 

(1.15) 

7he  re1at10n 6etween the curvature 5ca1ar 0f  the r1e- 
mann1an man1f01d ,,//2 and the extr1n51c curvature 
ten50r a550c1ated w1th 1t5 em6edd1n915 n0w [2] 

R =  ( K 1 " , , ) 2 - K  J"1,K°~. . (1.16) 

3.R191d1ty 

5tr1n9 the0ry n0rma11y 6e91n5 fr0m the N a m 6 u -  
6 0 t 0  act10n 

where~t ha5 d1men510n5 0ff0rce [ML-~  ] ( c=  1 and 
15 1nterpreted a5 the c0n5tant 5tr1n9 w0r1d5heet 5ur- 
face ten510n. 

v• det 9~1, 

= [ (~6X) 2 ( ~ ,X)2~ (0~X. ~ X ) 2  ] L/2 (2 .2 )  

15 the area 0f a para11e109ram w1th 51de5 f)~X and ~),X. 
7heref0re dA = , / 9  dr  da  def1ne5 an e1ement 0f  area 
0f  the 5tr1n9 w0r1d5heet. 7ak1n9 the 5tr1n9 act10n t0 
6e x f f d A  1mp11e5 a pr1nc1p1e 0f1ea5t w0r1d5heet area 
ana1a90u5 t0 the part1c1e act10n ~cfd5 1mp1y1n9 a 
pr1nc1p1e 0f5h0rte5t w0r1d11ne 1en9th. 

H0wever, 5t can a150 6e v1ewed a5 a c05m01091ca1 
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term 1n the act10n f0r the metr1c ten50r f1e1d 9,~, 0n 
,//2, 1x 6e1n9 the c05m01091ca1 c0n5tant. Fr0m th15 
p01nt 0fv1ew the E1n5te1n term 0c f f d 2 ~ 9 R  5h0u1d 
a150 6e added. 1n the ca5e 0 fa  tw0-d1men510na1 man-  
1f01d. y2 the 1nte9rand 15 a t0ta1 d1ver9ence and the 
1nte9ra1 15 the Eu1er character15t1c, 2 ( p ) = 2 - 2 p ,  
where p 15 the (c0n5tant)  9enu5 0f .#2. 50 the 
E1n5te1n term d0e5 n0t 1nf1uence free 5tr1n9 dynam1c5. 

P01yak0v [2] n0t1ced that the 1nd1v1dua1 term5 0n 
the r19ht-hand 51de 0f (1.16) are n0t t0ta1 d1ver9en- 
c1e5 a1th0u9h they are re1ated 6y a t0ta1 d1ver9ence 
wh1ch make5 them e4u1va1ent under 1nte9rat10n. 7h15 
1ead5 t0 the un14ue 5ca1e 1nvar1ant 9enera115at10n 0f 
the N a m 6 u - 6 0 t 0  act10n (2.1) 

5=51 + 5~ 

=1x f 1  6 2 9 ~ + P  f ~ d2~/9K~%1(~u'"" (2.2) 

7he  new c0n5tant p ha5 d1men510n5 [ML] (N ~,~ are 
un1t vect0r5, 1x = 1, ..., D; A = 1, ..., D -  2 ). p 15 1nter- 
preted a5 5tr1n9 w0r1d5heet r191d1ty 6ecau5e 1t mea5- 
ure5 1he 0pp051t10n t0 extr1n51c w0r1d5heet 6end1n9. 
52 ha5 the dynam1ca1 r01e 0f d15t1n9u15h1n9 5m00th 
w0r1d5heet5 0 f a  91ven area fr0m crea5ed w0r1d5heet5 
0f the  5ame area. 

52 can 6e rewr1tten a5 

52=p f f d~-~ vF99"~0,t;~8/,t ~ , ( 2 . 4 )  

where 

~. a1~ 

t••"= ~ 0,X:•01,X••. 
•/9 

A1ternat1ve1y, 52 can 6e wr1tten a5 

1fA2:~ J..<,,,~7 ~7,;,~ r,r~;, 

(2.5)  

(2.6) 

where 

7<,N ~ =  8.N •••+ (N~"0.Nm~)N m~ (2.7) 

= --K1,/,9/•c0•.X ;• , (2.8) 

fr0m (1.15).  
8y ana109y W1th the r191d 5tr1n9, We Can 1ntr0dUCe 

r191d p01nt part1C1e5 (5ee e.9. ref. [7] ). We Wr1te the 
act10n a5 

5=5~ + ~ 

~n f dr.~+,~2 f .  1 6U 
= 0 r - -  - -  (2.9) 

~/9 dr  • 

where 

1 d X  ~ 
t ,•<- . (2.10) 

v •  dr  

C0mpare  th15 w1th (2.4) and (2.5).  5L 15 the u5ua1 
re1at1v15t1c part1c1e act10n wh1ch 5ca1e5 a5 [L] wh11e 
52 15 a150 reparametr15at10n 1nvar1ant and 5ca1e5 a5 
[L -~] ,  a curvature. 22 ha5 d1men510n5 [ML2], an 
1nert1a. 

4 . 1 n 5 t a n t 0 n 5  

C0n51der a r191d part1c1e 1n tw0 d1men510n5, 1x= 1, 
2. N0t1c1n9 fr0m (2.10) that t2= 1 we can wr1te the 
act10n (2.9) a5 

5 = f d r m x / 9 ( t , .  ~ 2{ ~" 6t"~ 
,,/9 ) 

+ ~ d r 2 2 ,  t~mne,~"t ••dt-f" (3.1) - • d•c 

50 the act10n 15 60Unded 6y a t0p01091ca1 part  and 
1h15 60und 15 atta1ned f0r 

2e ..... dX" 
U = + ~  , ~  . ( 3 . 2 )  

. /m ~ dr 

501v1n9 f0r .¥~ and p1ck1n9 a c0nven1ent 0r191n 91ve5 

2e~ dX" 
X~= -+ V~n~,~9 dr  ' (3.3) 

wh1ch de5cr16e5 a c1rc1e rad1u5 2/v~ t/mn. 7h15 f1n1te ac- 
t10n 501ut10n 15 an 1n5tant0n (ant1-1n5tant0n) w1th 
parametr1c 501ut10n 

2 
X¢~= ~ - ~  (c05 0 ( r )  , 51n 0 ( r )  ) , (3.4) 

wh1ch repre5ent5 c105ed 5e1f-1nter5ect1n9 w0r1d11ne5 0n 
a p1ane. 

7he  t0p01091ca1 part  0f the act10n 91ve5 the a19e- 
6ra1c t0ta1 num6er  0ft1me5 the part1c1e w0r1d11ne 1n- 
ter5ect5 1t5e1f. 

We can app1y 51m11ar ar9ument5 t0 the r191d 5tr1n9 
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act10n. 1n part1CU1ar ( 2 . 4 )  Can 6e expre55ed a5 

52=p f f d~-~.,~9.~[~0~(r~"-7-*t ,~") 

x~0~,(t~"~9 *t••••) + ~0*t~"0~,t~"], (3.5) 

where 

*t~"~ ~,,1,> p,>, . (3.6) 

52 15 60unded 6y a t0p01091ca1 part t0 the act10n and 
th15 60und 15 atta1ned f0r 

0,( t~"~-7 * t~ )  =0 . (3.7) 

We can f1nd (5ee re1". [8 ] ) 1n5tant0n 501ut10n5 0f 

.c,•••*tJ•"=c/•" , (3.8) 

where c~" are the c0n5tant5 fr0m 1nte9rat10n 0f (3.7). 
We ch005e an euc11dean c0nf0rma1 9au9e 1n wh1ch 

0~X.~0~X~= 0 (3.9) 

and 

( ~ x ) 2 =  ( ~ x )  2 (3.~0) 

7hen (3.8) 6ec0me5 

(~)~X"5~X"-~X"0~X 1~) 

• 1 ~,,,,~ ( 0,X,,0~X x~ 5~Xa6X,,)  

=c~"(0~X) 2 ~ (3.11) 

C0ntract1n9 (3.1 1 ) w1th 0~X t~ 91ve5 

8~X~=cJ~"0~X 1~ " (3.12) 

C0ntract1n9 (3.1 1 ) w1th 0~X" 91ve5 

(6X~ = - c~"~1,X~. ( 3.13 ) 

C0m61n1n9 (3.12) and (3.13) 91ve5 

c1,.c1,.= • ~.1,. (3.14) 

A150 51nce P~" and *t~" are ant15ymmetr1c, 50 15 0~" 
fr0m (3.8). 

c ~  ~ - c"••• . (3.15) 

A 501ut10n t0 (3.14) and (3.15) 15 

~0 (0 - 0  0 1)  0 0 (3.16) 
0 0 
0 /~ 

1n wh1ch a e =  f1e= 1. 
5u65t1tut1n9 th15 1nt0 ( 3.1 1 ) we f1nd f1= - c~. 7hen 

( 3 . 1 2 )  and ( 3 . 1 3 )  91ve 

0~X ~ = - c ~ X  2 , 

0 7 X 3 ~ 0~ ~r~X 4 , 

0~X4= -0~0~,X 3 . (3.17) 

7he5e are the r191d 5tr1n9 1n5tant0n e4Uat10n5. N0te 
that any X" 5at15fy1n9 (3.17) aut0mat1ca11y 5at15f1e5 
the euc11dean 5tr1n9 c0n5tra1nt e4uat10n5 (3.9) and 
(3.10). 8y d1fferent1at1n9 (3.17) we 5ee that the 
5tr1n9 e4uat10n 0fm0t10n 

~3~7X~+ 0~()~XJ~= 0 (3.18) 

15 5at15f1ed aut0mat1ca11y. 
7ake a =  1 and n0t1ce that the f1r5t tw0 re1at10n- 

5h1p51n (3.17 ) are the Cauchy-R1emann re1at10n5 f0r 
an ana1yt1c funct10n 

F(~) --= X2 (~) +1X 1 (~) , (3.19) 

where ~= r+1a. 51m11ar1y the 1a5t tw0 re1at10n5h1p5 
1n ( 3.17 ) are the Cauchy-R1emann re1at10n5 f0r 

6 (~)  =X3(~) 4-1)(4(~) • (3.20) 

7hu5 we can 9enerate an 1n5tant0n 501ut10n fr0m any 
tw0 c0mp1ex ana1yt1c funct10n5 F and 6 a5 

X."= (1m F, Re F, Re 6, 1m 6 )  . ( 3.21 ) 

A5 1n the ca5e 0f the part1c1e 1n tw0 d1men510n5 
where the t0p01091ca1 part 0f the act10n wa5 1nter- 
preted a5 91v1n9 the a19e6ra1c num6er 0f5e1f-1nter5ec- 
t10n5 0fthe euc11dean part1c1e w0r1d11ne, 501n the r191d 
5tr1n9 ca5e 1he t0p01091ca1 part 0f the act10n can 6e 
1nterpreted a5 the a19e6ra1c num6er 0f 5e1f-1nter5ec- 
t10n5 0f the 5tr1n9 w0r1d5hee1. F0r 1n5tant0n5 5~ 0f 
(3.5) 6ec0me5 

52=p f f d2~/~9"/~('~ *P~"0,,t~". (3.22) 

P01yak0v [2 ] 91ve5 the 5e1f-1nter5eCt10n num6er 0f 
the 5Urface a5 
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v(..#2) = 52 
27tp 

•1 f f 62~,,~9~,% ,1,,~a,,1,,,, (3.23) 
2Jr 

wh1ch Ma2ur and Na1r [4] rewr1te a5 

1 f  f 62~9"~,~,,,K~ K•• (3.24) - -  a c  h d  • v(~#2)= 7r 

5 . 7 0 r u 5  kn0t5  

We are 1ntere5ted t0 f1nd an examp1e 0f  a 5e1f-dua1 
5tr1n9 w0r1d5heet w1th a f1n1te n0n-2er0 num6er  0f  
5e1f-1nter5ect10n5. 7ak1n9 F~:6 91ve5 v = 0  50 th15 
w0u1d 6e a tr1v1a1 examp1e. 

H0wever, a 5tr1n9 w1th a kn0t 1n 1t w0u1d 5eem t0 
0ffer h0pe 0f pr0v1d1n9 an examp1e 0f  a w0r1d5heet 
w1th a few unden1a61e 5e1f-1nter5ect10n5, the num6er  
1ncrea51n9 w1th the c0mp1ex1ty 0 f the  kn0t. 

8e91n 6y c0n51der1n9 the 51mp1e5t p055161e kn0t, the 
tref011 0ff19. 1a. 7h15 can 6e 9enerated fr0m 

(6/, V ) ~ C  2" / 1 2 + / ) 3 = 0 .  (4.1) 

C0n51der tw0 0rth090na1 c0mp1ex p1ane5 w1th ar61- 
trary p01nt5 u 0n the f1r5t and v 0n the 5ec0nd. 1f we 
c0n51der the 5et 0fpa1r5 (u, v) f0r wh1ch the re1at10n- 
5h1p u 2+ v~= 0 h01d5, then the 1nter5ect10n 0fth15 5et 
0fp01nt5 w1th a 5ma11 5phere 5~ centered at the 0r191n 
0fC 2 15 a tref011 kn0t (5ee e.9. ref. [9] ). 

A5 the 52 5phere 9et5 a 11tt1e 6199er 50 the kn0t 9et5 
6199er, 6ut a5 5~ 9et5 5ma11er the kn0t c0ntract5 t0 a 
p01nt 91v1n9 u5 a 51n9u1ar1ty at the 0r191n. 1t w111 6e 6y 
1nte9rat1n9 0ver 5uch 51n9u1ar1t1e5 that 0ur 5e1f-1nter- 
5ect10n num6er,  v, w111 take 0n 1nte9ra1 va1ue5. 

7he  501ut10n 0f u 2 + v 3 = 0  1n term5 0f a c0mp1ex 
parameter 2 can 6e wr1tten a5 

u=2 3, v = - 2  ~. (4.2) 

7he  tref011 can theref0re 6e 5pec1f1ed 1n term5 0 f tw0  
ana1yt1c funct10n5 2 -~ and - 2  ~. 

7ake the funct10n5 1n (4.2) a5 0ur re4u1red func- 
t10n5 F a n d  6 1n (3.21),  where 2=  27+10-. 

Xt•= (1m 2 ~, Re2  ~, Re - 2 2 ,  1m - 2 2 )  , 

.•. XJ•.= (32-26 - - 0  "3, 2-3-- 32-0-e, 0-2--2"2, -2270-) , 
(4.3) 

.. 0~X~= (62-a, 3(272--0 "2) , --227, - 2 a )  , 

0,Xt~= (3(272-a2),  -62-a ,  2a ,  -227) . (4.4) 

7he  5tr1n9 c0n5tra1nt5 and e4uat10n 0f m0t10n are 
5at15f1ed 6y (4.3). 

Ca1cu1ate x/~ and 0~X1~0,X" and hence f1nd t ~" and 
0,t ~". 51nce we are c0n51der1n9 1n5tant0n 501ut10n5 f0r 
wh1ch, fr0m (3.7), 

0,,t~"=0,,*t t~" (4.5) 

and 51nce we are w0rk1n9 1n the euc11dean c0nf0rma1 
9au9e, the expre5510n f0r the 5e1f-1nter5ect10n num- 
6er 51mp11f1e5 t0 

1 u= ~ f f d2~ (0,t,~") 2 . (4.6) 

F0r the tref011 we f1nd that 

288 
(~),1~,,) 2= (4.7) 

[9(2-2+a2) +412" 

1nte9rat1n9 th15 0ver a11 0~< 0-~< 29 f0r a c105ed 5tr1n9 
and -00~< 2-~<m we f1nd 

v (tref011) = 4 .  (4.8) 

7he  c0n5truct10n 0f the tref011 6a5ed 0n the c0m- 
p1ex curve u 2 + v 3 = 0  can 6e 9enera115ed t0 the c0n- 
5truct10n 0fa11 (p, 4) t0ru5 kn0t5 6a5ed 0n the c0m- 
p1ex curve5 u••+ ~ = 0  where p and 4 are ch05en t0 6e 
re1at1ve1y pr1me. 7hu5 the tref01115 a (2,3) t0ru5 kn0t. 

F0110w1n9 the ca1cu1at10n f0r the tref011 we take f0r 
the (2,5) t0ru5 kn0t 

X•= (1m25, Re25, R e - 2 2 ,  1 m - 2 2 )  . (4.9) 

7h15 91ve5 

v(2, 5) 
cm 2a 

-- 22c d r d 0  [ 2 5 ( 2 2 + 0 2 ) 3 + 4 ]  2 (4.10) 
--0C 0 

2rr 
f 7200 r 5 

= dr (25 r6+4)  2 (4.11) 
0 

.. u(2, 5 ) = 1 2 .  (4.12) 

51m11ar1y 

v(2, 7) 

1 (" /" 39200(272+a-~) 4 
• j j  d27da [49(2-2+a2 ) 5 + 4 ]  2 , (4.13) 
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F19. 1. Kn0t5 and 11nk5. (A) (2, 3) kn0t, (8) (2, 5) kn0t, (C) (2, 7) kn0t, (D) (2, 9) kn0t, (E) (3, 4) kn0t, (F) (3, 5) kn0t, ( 6 )  (3, 
7) kn0t, (H) (4, 5) kn0t. (1) (4, 7) kn0t, (J) (5,6) kn0t, (K) (5, 7) kn0t, (L) (5, 8) kn0t, (M) (6, 7) kn0t, (N) (7, 8) kn0t, (0 )  (7, 
9) kn0t, (P) (8, 9) kn0t, (Q) (8, 11) kn0t, (R) (9, 10) kn0t, (5) (9, 11) kn0t, (7)  (503,634) kn0t, (U) (2, 4) 11nk, (V) (3, 30) 
11nk, (W) (7, 98) 11nk, (X) (51,204) 11nk. 

:. u(2, 7)=20.  (4.14) 

Re5u1t5 f0r 50me 0ther kn0t5, c0mputed u51n9 RE- 
DUCE, are 5h0wn 1n ta61e 1. 

L00k1n9 at the5e re5u1t5, the 9enera1 f0rm f0r u(p, 
4) w0u1d 5eem t0 6e 91ven 6y the emp1r1ca1 f0rmu1a 

2 ~  

u(p, 4)= f dr 

50 we f1nd 

8(4~P)24~p~r~(,1-r 1)+1 
( 42r:(~-1~) + p2) 2 

(4.15) 
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7a61e 1 
5e1f-1nter5ect10n num6er  u f0r a (p, 4) t0ru5 kn0t r191d 5tr1n9 
1n5tant0n 

p 4 fdr1nte9rand u /4  

2 3 288r/(9r~-+4) -" 1 
2 5 7200r~/( 25r ~ + 4 ) -~ 3 
2 7 39200r ~ / (49r t0 + 4) 2 5 
2 9 1 2 7 0 0 8 r ~ / ( 8 1 r ~ 4 + 4 )  ~- 7 

3 4 1152r / (16r~-+9)  : 1 

3 5 7200r3 / (25r4+9)  ~ 2 
3 7 56448r7/(49r  8 + 9 )2 4 
4 5 3200r / (25r  ~ + 16) 2 1 
4 7 56448r5 / (49r~+ 16) 2 3 
5 6 7200r/(  36r 2 + 25 ) 2 1 
5 7 39200r 3/( 49r 4 + 25 ) ~ 2 
5 8 115200r5/(64r (~ + 25 )2 3 
6 7 14112r / (49r :+  36) ~ 1 
7 8 25088r / (64r  ~ + 49 ): 1 
7 9 127008r3/( 81 r 4 + 49 ) 2 2 
8 9 4 1 4 7 2 r / ( 8 1 r ~ + 6 4 )  2 1 
8 11 557568r5/ (121r~+64)  2 3 
9 10 64800r / (100r~+81 )2 1 
9 11 313632r3/(121r4+81)2 2 

u(p, 4 ) = 4 ( 4 - p ) ,  (4.16) 

wh1ch repre5ent5 an 1nf1n1te h1erarchy 0f kn0tted 
1n5tant0n5. 

Re1at10n (4.16) (a1th0u9h n0t (4.15 ) ) a150 h01d5 
true f0r the ca5e 0f 11nk5 wh1ch 0ccur when p and 4 
are n0t re1at1ve1y pr1me. 

N0t1ce that that v a1way5 turn5 0ut t0 6e a mu1t1p1e 
0f4. Ma2ur and Na1r [4] ar9ue that v=4c~ where c~ 
15 the f1r5t Chern num6er and c~ e2. 

1n the ca5e 0f a tw0-d1men510na1 man1f01d em6ed- 
ded 1n f0ur d1men510n5 we have a 5pec1a1 51tuat10n. 
7he curvature 2-f0rm def1ned 0n ~,/{e 1nte9rated 0ver 
the tw0 d1men510n5 0f,//2 91ve5 an 1nte9er, the Eu1er 
character15t1c. A150, 51nce the c0-d1men510n 15 tw0, the 
curvature a550c1ated w1th the em6edd1n9 c0nnect10n 
2-f0rm 1nte9rated 0ver ,//2 91ve5 an0ther 1nte9er, the 
f1r5t Chern num6er. 

Wr1te the c0var1ant der1vat1ve 0f the n0rma1 vec- 
t0r5 a5 

V, ,N1/~=~0, ,N~+A"~,Nm~=-K~1~(J~ ,X  ~ (4.17) 

and the c0var1ant der1vat1ve 0f the tan9ent vect0r5 

1~ =- 0 , X  1~ (4.18) 

a5 

D, t~  - 0~t~ -F% / , t ~  

=K~1,1,N j~ (4.19) 

fr0m (1.14). 
We 5ee fr0m (2.7) that 

A.~u = N J~,0,N m, . (4.20) 

Fr0m th15 c0nnect10n we Can der1ve the f1e1d 5tren9th 
ten50r 

F ~1~,1,=D,N1J~D1,Nt~t~-D,N~D~,N~1~ . (4.21) 

7he f1r5t Chern num6er 15 then def1ned a5 [4] 

1 f 1 ~ e.,,,e,~,Fm " 
c , -  ~ t r F =  ~ d2~ (4.22) 

, / /2  

U51n9 (4.17), (4.21) and (3.24)91ve5 

ct =~u (4.23) 

wh1ch 1ead5 t0 the 5u99e5t10n [4] that we u5e exp 
(10• v) t0 repre5ent the effect 0 f0  vacua. 
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